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1. Introduction
Let us consider the twisted Laplacian on R2n (introduced by R. Strichartz in [12])
L = −1
2
∆L, ∆L :=
n∑
j=1
(X2j + Y
2
j ), (1)
where Xj = ∂xj + iyj, Yj = ∂yj − ixj , i2 = −1, and (x, y) ∈ R2n. In this note we obtain sharp
Strichartz estimates for the Schro¨dinger equation associated to L given by
iut(t, z) +
1
2
∆Lu(t, z) = 0, z = (x, y), (2)
with initial data u(0, ·) = f defined on R2n. Estimates for this model have been extensively de-
veloped in the references P.K. Ratnakumar [7], P.K. Ratnakumar and V. K. Sohani[8, 9] and Z.
Zhang and S. Zheng [17]. The obtained results in these references are analogues of the well known
regularity properties for the classical Schro¨dinger equation
iut(t, x) + ∆xu(t, x) = 0, (3)
investigated in the classical works of J. Ginibre and G. Velo [2], A. Moyua and L. Vega [3], M.
Keel and T. Tao [4] and references therein.
Let us observe that in view of the identity
−∆L = −∆(z) + |z|2, ∆(z) := ∆x,y + i(y,−x) · (∇x,∇y) (4)
where ∆x,y is the Laplacian on R
2n, ∇x is the standard gradient field, and taking into account
that the harmonic oscillator is given by H = −∆x + |x|2, the twisted Laplacian L = −12∆L is
sometimes called the complex harmonic oscillator.
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Taking into account the following estimate proved by P.K. Ratnakumar [7]
‖u(t, z)‖Lqt ([0,2π], Lp(R2n)) ≤ C‖f‖L2(R2n), (5)
for 2 < q < ∞ and 1
q
≥ n(1
2
− 1
p
) or 1 ≤ q ≤ 2 and 2 ≤ p < 2n
n−1
, n ≥ 1, we will consider
the initial data f in Sobolev spaces associated to L but modeled on L2. It is important to mention
that in P.K. Ratnakumar and V.K. Sohani [8, 9] the previous Ratnakumar result was extended to
the non-homogeneous (and possibly non-linear) Scho¨dinger equation associated to L. Also, the
Schro¨dinger equation associated to L, but with non-linear polynomials terms can be found in Z.
Zhang and S. Zheng [17].
In order to motivate our main result, let us consider the Schro¨dinger equation associated to the
harmonic oscillator:
iut(t, x)−Hu(x, t) = 0, u(0, ·) = f. (6)
The main result in B. Bongioanni and K.M. Rogers, [1] is the following sharp theorem: for
2(d+2)
n
≤ p ≤ ∞, and 2 ≤ q <∞ with 1
q
≤ d
2
(1
2
− 1
p
),
‖u(t, x)‖Lpx(Rd ,Lqt [0,2π]) ≤ Cs‖f‖Hs(Rd) (7)
holds true for all s ≥ sd,p,q := d(12 − 1p)− 2q . If s < sd,p,q then (7) is false. In the result aboveHs is
the Sobolev space associated to H and with norm ‖f‖Hs := ‖H s2 f‖L2. The proof of (7) involves
Strichartz estimates of M. Keel and T. Tao [4] and Wainger’s Sobolev embedding theorem. In
terms of the Sobolev space W s,H(Rd) defined by the norm ‖f‖W s,H(Rd) = ‖Hsf‖L2 = ‖f‖H2s,
(7) can be formulated as
‖u(t, x)‖Lpx(Rd ,Lqt [0,2π]) ≤ Cs‖f‖W s,H(Rd) (8)
for all s ≥ s′d,p,q := d2(12 − 1p) − 1q . Because, the twisted Laplacian acts on complex functions in
Rd, d = 2n, we expect to obtain similar results to (7), but, on Sobolev spaces W s,L associated to
L, when s ≥ d
2
(1
2
− 1
p
)− 1
q
= n(1
2
− 1
p
)− 1
q
. Our main theorem can be announced as follows.
Theorem 1. Let us assume n ≥ 1, 2 ≤ q <∞, and 2 ≤ p ≤ ∞. Then, the following estimate
‖u(t, z)‖Lpz [R2n, Lqt [0,2π]] ≤ C‖f‖W s,L(R2n) (9)
holds true for every s ≥ κp,q,whereκp,q := 12(12+ 1p)− 1q for 2 ≤ p ≤ 4n+22n−1 and κp,q := n(12− 1p)− 1q
for 4n+2
2n−1
≤ p ≤ ∞. For q = 2, the Strichartz estimate (9) is sharp in the sense that this inequality
is the best possible.
Remark 1. If 2 ≤ p ≤ 4n+2
2n−1
then n
2n+1
− 1
q
≤ κp,q ≤ 12 − 1q . If we assume 2 ≤ q ≤ 2 + 1n ,
then n
2n+1
− 1
q
≤ 0. So, in the interval Ip = [2, 4n+22n−1 ] containing to p, the parameter κp,q admits
non-positive values. Moreover, in this case κp,q ≤ 0 for 2 ≤ q ≤ 2(12 + 1p)−1. Similarly, κp,q < 0
if and only if n
2n+1
− 1
q
< 0, which in turn is equivalent to the condition 2 ≤ q < 2(1
2
+ 1
p
)−1.
On the other hand, if 4n+2
2n−1
≤ p ≤ ∞ then n
2n+1
− 1
q
≤ κp,q ≤ n2− 1q . So, if we fix 2 ≤ q ≤ 2+ 1n ,
then n
2n+1
− 1
q
≤ 0 and we deduce that κp,q admits non-positive values. Let us note that κp,q = 0
when 1
q
= n(1
2
− 1
p
) and κp,q < 0 for those parameters p, q satisfying
1
q
> n(1
2
− 1
p
). This analysis
shows that our main theorem admits different values of p, q satisfying κp,q = 0 and κp,q < 0. In
view of the embedding L2 →֒ W κ,L for κ < 0, we have showed that the usual condition f ∈ L2
can be improved if we use consider those cases mentioned above where κp,q < 0.
The plan of this paper is as follows. In the next section we discuss some spectral properties of
the twisted Laplacian. Finally, in Section 3 we prove our main theorem.
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2. Spectral decomposition of the twisted Laplacian
In this section we provide some known facts on the spectrum of the twisted Laplacian and its
relation with the harmonic oscillator. Let H = −∆ + |x|2 be the Hermite operator or (quantum)
harmonic oscillator. This operator extends to an unbounded self-adjoint operator on L2(Rn), and
its spectrum consists of the discrete set λν := 2|ν| + n, ν ∈ Nn0 , with a set of real eigenfunctions
φν , ν ∈ Nn0 , (called Hermite functions) which provide an orthonormal basis of L2(Rn). Every
Hermite function φν on R
n has the form
φν = Π
n
j=1φνj , φνj(xj) = (2
νjνj !
√
π)−
1
2Hνj (xj)e
− 1
2
x2j (10)
where x = (x1, · · · , xn) ∈ Rn, ν = (ν1, · · · , νn) ∈ Nn0 , and
Hνj(xj) := (−1)νjex
2
j
dk
dxkj
(e−x
2
j )
denotes the Hermite polynomial of order νj . By the spectral theorem, for every f ∈ D(Rn) we
have
Hf(x) =
∑
ν∈Nn
0
λν f̂(φν)φν(x), (11)
where f̂(φv) is the Hermite-Fourier transform of f at ν defined by
f̂(φν) := 〈f, φν〉L2(Rn) =
∫
Rn
f(x)φν(x) dx. (12)
For every µ, ν ∈ Nn0 , the special Hermite function φµν is defined by
φµν(z) = (2π)
−n
2
∫
Rn
eix·ξφµ(ξ +
1
2
y)φν(ξ − 1
2
y)dξ, z = (x, y) ∈ R2n. (13)
A direct computation shows that
Lφµν = (2|ν|+ n)φµν . (14)
Hence, the functions φµν are eigenfunctions of the twisted Laplacian L, and it can be proved that
they also form a complete orthonormal system in L2(R2n). Consequently, every function f ∈
L2(R2n) has an expansion in terms of the special Hermite functions given by
f =
∑
µ,ν
〈f, φµν〉φµν . (15)
Newly, the spectral theorem applied to L gives
Lf =
∑
µ,ν
(2|ν|+ n)f̂(φµν)φµν , f̂(φµν) := 〈f, φµν〉L2(R2n). (16)
The main tool in the harmonic analysis of the twisted Laplacian is the special Hermite semi-
group, which we introduce as follows. If Pℓ, ℓ ∈ 2N0 + n, is the spectral projection on L2(R2n)
given by
Pℓf(z) :=
∑
µ,2|ν|+n=ℓ
f̂(φµν)φµν(z), z = (x, y) ∈ R2n, (17)
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then, the special Hermite semigroup (semigroup associated to the twisted Laplacian) Tt := e
−tL,
t > 0 is given by
e−tLf(z) =
∑
ℓ
e−tℓPℓf(z). (18)
By the functional calculus, the power Ls, s ∈ R, of L, can be defined by
Lsf(z) =
∑
ℓ
ℓsPℓf(z). (19)
Because we want to study the Schro¨dinger equation associated to L it is natural to consider for our
analysis the Sobolev spaces associated to L which can be defined as follow.
Definition 1. Let s ∈ R. The L-Sobolev space W s,L(R2n) consists of those functions f ∈
Dom(Ls) satisfying Lsf ∈ L2(R2n). The spaceW s,L(R2n) can be endowed with the norm
‖f‖W s,L(R2n) := ‖Ls(f)‖L2(R2n) =
(∑
ℓ
ℓ2s‖Pℓf‖2L2(R2n)
) 1
2
. (20)
In this paper we also estimate the mixed norms Lpx(L
q
t ) of solutions to Schr¨odinger equations
by using the following version of Triebel-Lizorkin associated to L.
Definition 2. Let us consider 0 < p ≤ ∞, r ∈ R and 0 < q ≤ ∞. The Triebel-Lizorkin space
associated to L, to the family of projections Pℓ, ℓ ∈ 2N + n, and to the parameters p, q and r is
defined by those complex functions f on R2n, satisfying
‖f‖F rp,q(R2n) :=
∥∥∥∥∥∥
(∑
ℓ
ℓrq|Pℓf(z)|q
) 1
q
∥∥∥∥∥∥
Lp(R2nz )
<∞. (21)
The following are natural embedding properties of such spaces and they can be proved easily
from the definition. W s,L(R2n) denotes the Sobolev space associated to L.
(1) F r+εp,q1 →֒ F rp,q1 →֒ F rp,q2 →֒ F rp,∞, ε > 0, 0 < p ≤ ∞, 0 < q1 ≤ q2 ≤ ∞.
(2) F r+εp,q1 →֒ F rp,q2 , ε > 0, 0 < p ≤ ∞, 1 ≤ q2 < q1 <∞.
(3) F 02,2(R
2n) = L2(R2n) and consequently, for every s ∈ R, W s,L(R2n) = F s2,2(R2n).
With the notations above in the next section we prove our main result.
3. Regularity properties
In this section, the space L2f (R
2n) consists of those finite linear combinations of special Hermite
functions on R2n.
Remark 2. The set, L2f (R
2n) is a dense subspace of every spaceW s,L(R2n), this can be proved by
using the Parseval identity applied to the special Hermite functions. An argument of convergence
of series shows that L2f (R
2n) is a dense subspace of every space F rp,2(R
2n).
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We will use the previous remark in the following result.
Lemma 1. Let us consider f ∈ F 0p,2(R2n), then for all 0 < p ≤ ∞ we have
‖u(t, z)‖Lpz [R2n, L2t [0,2π]] =
√
2π‖f‖F 0p,2(R2n). (22)
Proof. Let us consider f ∈ F 0p,2(R2n). By a standard argument of density we only need to assume
f ∈ L2f (R2n). The solution u(t, z) for (2) is given by
u(t, z) =
∑
µ,ν∈Nn
0
e−it(2|ν|+n)f̂(φµν)φµν(z) =
∑
ℓ
e−itℓPℓf(z). (23)
Let us note that the previous sums runs over a finite number of ℓ′s because f ∈ L2f (R2n). So, we
have,
‖u(t, z)‖2L2t [0,2π] =
∫ 2π
0
u(t, z)u(t, z)dt =
∫ 2π
0
∑
ℓ,ℓ′
e−it(ℓ−ℓ
′)Pℓf(z)Pℓ′f(z)dt
=
∑
ℓ,ℓ′
∫ 2π
0
e−it(ℓ−ℓ
′)dtPℓf(z)Pℓ′f(z) =
∑
ℓ
2πPℓf(z)Pℓf(z)
=
∑
ℓ
2π · |Pℓf(z)|2,
where we have used the L2-orthogonality of the trigonometric polynomials. Thus, we conclude
the following fact
‖u(t, z)‖L2t [0,2π] =
(∑
ℓ
2π · |Pℓf(z)|2
) 1
2
, f ∈ L2f (R2n). (24)
Finally,
‖u(t, z)‖Lpz(R2n,L2t [0,2π]) =
√
2π‖f‖F 0p,2(R2n). (25)
The following lemma, allow us to compare the Lp(Lq)-mixed norms of the solution u(t, z) and
some Triebel-Lizorkin norms of the initial data.
Lemma 2. Let p, q and sq be such that 0 < p ≤ ∞, 2 ≤ q <∞ and sq := 12 − 1q . Then
C ′p‖f‖F 0p,2 ≤ ‖u(t, z)‖Lpz(R2n,Lqt [0,2π]) ≤ Cp,s‖f‖F sp,2, (26)
holds true for every s ≥ sq.
Proof. Let us consider, by a density argument, the initial data f ∈ L2f (Rn). In order to estimate the
norm ‖u(t, z)‖Lpz [R2n, Lqt [0,2π]] we can use the Wainger Sobolev embedding Theorem:∥∥∥∥∥ ∑
ℓ∈Z,ℓ 6=0
|ℓ|−αF̂ (ℓ)e−iℓt
∥∥∥∥∥
Lq[0,2π]
≤ C‖F‖Lr[0,2π], α := 1
r
− 1
q
. (27)
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For sq :=
1
2
− 1
q
we have
‖u(t, z)‖Lq[0,2π] =
∥∥∥∥∥∑
ℓ
e−itℓPℓf(z)
∥∥∥∥∥
Lq[0,2π]
≤ C
∥∥∥∥∥∑
ℓ
ℓsqe−itℓPℓf(z)
∥∥∥∥∥
L2[0,2π]
= C
∥∥∥∥∥∑
ℓ
e−itℓPℓ[Lsqf(z)]
∥∥∥∥∥
L2[0,2π]
= C
(∑
ℓ
|Pℓ[Lsqf(z)|2
) 1
2
:= T ′(Lsqf)(z).
So, we have
‖u(t, z)‖Lpz [R2n, Lqt [0,2π]] ≤ C‖T ′(Hsqf)‖Lp(R2n) = C‖Lsqf‖F 0p,2(R2n) = C‖f‖F sqp,2(R2n). (28)
We end the proof by taking into account the embedding F sp,2 →֒ F sqp,2 for every s > sq and the
following inequality for 2 ≤ q <∞
‖f‖F 0p,2 . ‖T ′f‖Lp = C‖u(t, z)‖Lpz [R2n, L2t [0,2π]] . ‖u(t, z)‖Lpz [R2n, Lqt [0,2π]]. (29)
Now, we present the main tool in our further analysis (for the proof we refer the reader to H.
Koch and F. Ricci[5], the references [6, 11] include some results for p 6= 4n+2
2n−1
).
Theorem 2. Let n ∈ N, and 2 ≤ p ≤ ∞. Let us consider the orthogonal projection Pℓ, ℓ ∈ 2N+n.
Then we have
‖Pℓf‖Lp(R2n) ≤ Cℓκp‖f‖L2(R2n), (30)
where κp =
1
2
(1
p
− 1
2
) for 2 ≤ p ≤ 4n+2
2n−1
and κp = n(
1
2
− 1
p
)− 1
2
for 4n+2
2n−1
≤ p ≤ ∞. The exponent
κp is the best possible.
Now, we present our main theorem.
Theorem 3. Let us assume n ≥ 1, 2 ≤ q <∞, and 2 ≤ p ≤ ∞. Then, the following estimate
‖u(t, z)‖Lpz [R2n, Lqt [0,2π]] ≤ C‖f‖W s,L(R2n) (31)
holds true for every s ≥ κp,q := κp + sq, where κp,q := 12(12 + 1p) − 1q for 2 ≤ p ≤ 4n+22n−1 and
κp,q := n(
1
2
− 1
p
) − 1
q
for 4n+2
2n−1
≤ p ≤ ∞. For q = 2, the Strichartz estimate (31) is sharp in the
sense that this inequality is the best possible.
Proof. We observe that from Lemma 2,
‖u(t, z)‖Lpz(R2n,Lqt [0,2π]) ≤ Cp,s‖f‖F sp,2,
so, we only need to estimate the F sp,2-norm of the initial data f, by showing that ‖f‖F sp,2 . ‖f‖W s,L ,
for every s ≥ κp,q. Moreover, by the embedding W s,L →֒ W κp,q,L for every s ≥ κp,q we only
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need to check the previous estimate when s = κp,q. By the condition 2 ≤ p < ∞, together with
the Minkowski integral inequality and Theorem 2, we give
‖f‖
F
sq
p,2
=
∥∥∥∥∥∥
(∑
ℓ
ℓ2sq |Pℓf(z)|2
) 1
2
∥∥∥∥∥∥
Lp
≤
(∑
ℓ
ℓ2sq‖Pℓf‖2Lp
) 1
2
.
(∑
ℓ
ℓ2(sq+κp)‖Pℓf‖2L2
) 1
2
= ‖f‖Wκp,q,L
where we have used that κp,q = sq + κp. Let us note that the previous estimates are valid for
p = ∞. The sharpness of the result for q = 2 can be proved by choosing f = Pℓ′g for some
arbitrary, but non-trivial function g ∈ L2. In this case, κp,q = κp because sq = 0, and we have
‖u(t, z)‖Lpz [R2n, L2t [0,2π]] = ‖Pℓ′g‖Lp ≤ ℓ′κp‖Pℓ′g‖L2 = ‖g‖Wκp,L .
The sharpness of this inequality is consequence of the sharpness for the exponent κp in Theorem
2. Thus, we finish the proof.
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